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Summary 
Vibration problems in structures is become a major topic for structural engineers due to the 
slenderness of the designed structural systems. In a classical design approach, loads act on the 
structures and the structural response is calculated through a model which is usually does not 
interact with the loading. In the past, the analysis of wind effects on bridges or flexible structures 
have changed such a calculation approach; flow induced vibrations have highlighted that the 
studied system was no longer the structure itself but a coupled system including the fluid and the 
structure. 

Such coupled problems are now very common; to date, the last one is certainly the human-induced 
vibration problems met in footbridges, but seismic design also involves complex models for soil-
structure interaction. The interaction between vehicles and bridges, for high speed tracks, is a topic 
becoming more and more pregnant. All these coupled vibration problems require sophisticated 
techniques, but more drastically new modelling approaches for structural engineers. This keynote 
will address the new trends for analysing dynamic interactions; emphasis will be nevertheless given 
to major problems met today in bridges: human-induced vibrations and flow-induced vibrations. 

Keywords: dynamic interaction, parametric resonance, human induced vibrations, wind induced 
vibrations. 

 

1. Introduction 
Majority of today’s structures is subjected to load which varies with time. In fact, with the possible 
exception of dead load, no structural load can really be considered as static. However, in many 
cases the load variation is low enough, which allows the structures to be treated as static. For tall 
buildings or large bridges, subjected to wind and earthquake for instance, the dynamic effect 
associated with the load must be accounted for in the proper evaluation of safety and serviceability 
of these systems. 

Many of the civil engineering structures are designed on the basis of static or pseudo-static analysis. 
This assumption largely simplifies these analyses and a dynamic analysis is much more involved 
and time consuming than an equivalent static one. Structures thus designed have been found to be 
safe, though no idea could be obtained from this as to the extent of its safety as also to its actual 
behaviour. With high speed digital computers, and the tremendous development made in the 
analytical and numerical procedures, more accurate representation of the structural behaviour due to 
dynamic loads have now become possible. Large systems having internal intricacies and huge 
dimensions are now daringly attempted. 
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In complement to the offered numerical and computational capabilities it has to be stressed that 
today’s vibration problems involves new forms of dynamical systems, called coupled systems. 

When we talk about coupled systems we must define different kinds of coupled systems. Firstly we 
can define that words are of the coupled mechanical structures or subsystems coupled by linear or 
non linear properties. This is for instance the case of a vehicular load on the bridge, secondary 
excitation system (Fig.1a-b)… Then we have mechanical systems coupled with other physical 
systems based on different physics (Fig.1c-d). Let us mention as example the flow-induced 
vibrations (fluid mechanics) or human-induced vibrations (bio-dynamics) on structures (structural 
mechanics). Coupled systems always highlight an interaction between the different subsystems or 
physics. To get the response of the structure requires to model and to analyse simultaneously the 
different parts of the global problem. From a mathematical point of view, the two coupled problems 
are identical: they consist in solving coupled partial differential equations. From a physical point of 
view, it is rather different; although the structural engineer may feel not uncomfortable by the first 
set of coupled mechanical/structural problems, the second set of problems requires knowledge on 
physical aspects far beyond the classical corpus of structural dynamics. Fluid dynamics, biological 
dynamics, thermodynamics… are requiring an understanding of the physics involved. Some 
tentative are been made to uncouple the systems and the physics and they give useful and good 
quality results in some cases, but they are inevitably failing in providing a good understanding of 
the physical phenomena involved in the global vibration problem. 

 

 

 
a – Caronte bridge excessive vibration 
due to road traffic (2004) 

b – Metz cathedral tower resonance 
due to bell singing (2006) 

  
c – Tacoma bridge collapse 
due to wind excitation (1941) 

d – Solferino footbridge excessive vibrations 
due to pedestrian excitation (2001) 

Fig. 1: Case histories of dynamic load effects on structures 

Methods for predicting the vibration response of structural systems to fluctuating external forces 
have grown rapidly in importance, in civil engineering design, over the last thirty years. The 
continuing tendency to reduce the weight and the cost of structures, in particular bridges, has 
brought to the fore the need to predict vibration response levels. High vibration amplitudes are 
almost invariably undesirable, due to factors such as accompanying loss of comfort, increase in 
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wear and fretting, and often most importantly, the possibility of component failure leading to 
eventual catastrophic system failure. Such a failure may occur at the instant the stress levels exceed 
safe working limits or as a result of accumulated damage through material fatigue. 

Among the recent vibration problems encountered in civil engineering structures, most of them 
introduce coupling phenomena. This paper has for primary objective to revisit some recent 
vibration problems met in civil engineering by highlighting how their understanding and analysis 
can be improved through a better consideration of the underlying interaction aspects.  

2. A brief history of vibrations 
During the period of development of basic science in Greece, the birth of 
vibration theory and its subsequent growth was a natural process. Vibration 
theory was initiated by Pythagoras in the fifth century B.C. by establishing 
a rational method of measuring sound frequencies and showing their 
intrinsic nature not depending on the magnitude of excitation. 

Aristotle and his Peripatetic school founded mechanics and developed an 
understanding between statics and dynamics. The pendulum as a time and 
vibration device was known in antiquity to the extent that by the end of the 
first millennium A.D., it was used by astronomers as a vibrating and 
perhaps time measuring device. Galileo (Fig.2) experimented with 

pendulum in the seventeenth century. He observed that there is a relationship between length and 
frequency of a pendulum. He further noticed that the density, tension, frequency and length of a 
vibrating string are related to each other.  

 
Fig.2: Galileo 

In the development of vibration theory, Taylor, Bernoulli, D’Alembert, Euler, Lagrange, Duhamel, 
Hertz and Fourier are the names to conjure with. T. Young was the first to show how important 

dynamical effect of load can be. Poncelet demonstrated 
analytically that a sudden applied load produces twice the stress 
the same load would produce if applied gradually. From 
experiments, Savart noted the mode shapes from the study of 
nodal lines in aelotropic circular plates. He also coined the term 
fundamental for the lowest natural frequency and harmonics fro 
the others. The concept of the principle of linear superposition of 
harmonics was put forward by Bernoulli. 

By covering a plate with fine sand, Chladni proved the existence 
of nodal lines for various modes of vibration. Napoleon I was 
very impressed by Chladni’s experiments and initiated a prize in 
1811 for the problem of deriving a mathematical theory of plate 

vibrations. Marie-Sophie Germain (Fig.3), a french lady, proposed a solution but it was denied due 
to an incorrect computation of the variation of a particular integral. She had to wait a third tentative 
before to win the prize in 1816, though the judges (comprising Laplace, Legendre, Poisson) were 
still far from being happy. Poisson treated her as an inferior in the company of giants. The 
differential equation of plate vibration was correctly derived by Germain, but some mistakes in 
boundary conditions were only corrected by Kirchhoff in 1850. 

 
Fig. 3: Sophie-Marie Germain 

Lord Rayleigh (Fig.4) wrote his classic book on the theory of sound in 1877 [1]. Rayleigh 
introduced the concepts of generalised forces and coordinates. In his approach an approximate 
method was proposed for obtaining natural frequencies of complicated systems; the famous 
Rayleigh’s method is based on the principle of conservation of energy for conservative systems. 
The idea consists in calculating frequencies from energy considerations without any recourse to the 
differential equations of vibration. This approach, later used by Ritz and called Rayleigh-Ritz 
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method, is now very popular for studying not only vibrations, but 
problems in elasticity, nonlinear mechanics and other branches of 
physics. Euler and Bernoulli derived the differential equations of 
a vibrating beam undergoing small deflections. Kirchhoff 
investigated the vibration of bars of variable cross-sections. 
Duhamel proposed a general method for analysing the forced 
vibration of elastic plates. With the industrial revolution, one of 
the first problems in which the importance of studying vibrations 
was recognised by engineers was that of torsional vibration of 
shafts. Frahm, Ayre, Ford, Jacobsen carried out theoretical 
researches and experiments. Timoshenko largely improved the 
theory of beam vibration, while Mindlin contributed to propose 

an improved theory of plate vibrations (Fig.5). 

 
Fig. 4: Lord Rayleigh 

For many years engineers were mainly concerned with periodic vibration – i.e. with situations 
where the excitation and response are simply periodic 
functions of time. Following the extensive pioneering work 
of Rayleigh, a very comprehensive body of classical theory 
now exists for analysing this type of vibration. In particular, 
in connection with aerodynamic phenomena, a lot of work 
was carried out to analyse the stability of dynamical systems.  

In the mid 1950s, however, a new type of vibration problem 
arose in the aerospace industry which could not be solved by 
the classical methods. It was discovered that aircraft fuselage 
panels in the neighbourhood of jet engines were reaching 
such high levels of vibration response, due to acoustic 
excitation from the jet exhausts, that fatigue cracks could 

develop and spread quite rapidly. Studies revealed that the vibration response of these panels was 
extremely complex, mirroring the very complex nature of the spatial and temporal variations of 
pressure on the panel surfaces. Not only was this kind of excitation, and response, non –periodic, 
and highly irregular, but it also lacked repeatability. Thus, two successive experiments carried out 
under identical conditions, would yield vibration amplitudes response against time histories which 
differed significantly in detail, although they had the same overall behaviour, on “average”. It 
became evident that it was not feasible to tackle such a problem on the conventional “deterministic” 
basis. A new “statistical”, or more accurately a “probabilistic”, approach was required in which the 
excitation and response were described in terms of statistical parameters, such as the mean square 
of the vibration amplitudes. Similar problems arose, at about the same time, in designing aircraft to 
withstand buffeting due to atmospheric turbulence. 

 
Fig. 5: Timoshenko and Mindlin 

In the probabilistic approach to vibration, subsequently developed by structural engineers, both the 
excitation and the response are modelled as “stochastic”, or “random” processes, which can be 
specified in terms of a fairly small number of statistical parameters, and functions, such as the 
power spectrum. It was soon discovered that much previous work in statistical communication 
theory, undertaken about a decade earlier, notably by Rice (1944) [2], could be adapted fairly easily 
to formulate a solution methodology for the case of linear systems responding to random excitation. 
In addition, there was already a considerable body of mathematical literature on stochastic 
processes, which originated from early works by physicists, notably Einstein (1905), on the theory 
of Brownian motion. Thus, for the linear systems at least, it was found that a relatively simple, and 
complete, theory of probabilistic structural dynamics could be developed through an adaptation of 
existing knowledge. In the case of Gaussian excitation, this theory enables all the statistical 
parameters of the response to be directly related to the corresponding parameters of the excitation. 
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Application of the theory was greatly assisted in the 1970s by the development of digital processing 
techniques and the use of the Fast Fourier Transform (FFT) algorithms, which enabled experimental 
data to be processed rapidly and efficiently, to yield estimates of the required statistical parameters. 
Moreover, the cost of implementing these techniques has been fallen dramatically, in the last few 
years, due to the introduction of inexpensive, but powerful, computers and associated data 
acquisition hardware. This rapid and accelerating growth during the last four decades, has resulted 
in a very extensive literature on linear random vibration, covering both theoretical and practical 
aspects. 

It was realized very quickly that this linear theory of “random vibrations” was applicable not only 
in the aerospace field, but in a wide variety of other engineering disciplines. Civil engineering 
structures, such as tall buildings and bridges responding to earthquakes [3] and wind excitation [4], 
land-based vehicles such as cars and trains responding to irregularities in ground and track surfaces 
and pedestrian excitation [5] can all be analysed using the concepts and results of linear random 
vibration theory. Most of these applications are subsequent to structural malfunctioning as 
illustrated by Fig.1. If a loading pattern is time varying, the immediate effects on a structure will 
strongly depend on the structure that this load is encountering. In other terms, a variable load could 
be considered as static and not dynamic, if its time variation is larger than the fundamental structure 
period. Against gust wind loads, a tall building will be prone to dynamic excitation although that for 
a smaller building, the load could be treated as static. It is also very interesting to notice that some 
loads with a relatively slow temporal variation, can induce increasing dynamic effects, not 
instantaneously, but progressively. This phenomenon, called resonance, is certainly one of the most 
dangerous that a structure can encounter. 

Civil engineering has largely beneficiated from all this existing work, with some delays in time 
mainly due to the fact that dynamic aspects became more and more pregnant as long as the sizes, 
spans and flexibilities of the structural systems were increasing. The increasing slenderness of some 
civil engineering structures, new forms of aesthetics… and the requirement or the need to take into 
consideration new loads (impacts, explosions…) is making today’s structures more prone to 
dynamic vibration problems. Some of them are not new, but require new modelling approaches or 
methods for efficiently handling the structural behaviour. 

3. Flow induced vibrations in bridge aerodynamics 
Since the spectacular failure of the Tacoma Narrows bridge in 1940, bridge deck aerodynamics is 
one the field where interaction phenomena and coupling problems have received a large amount of 
attention. Methodologies for wind tunnel tests were first proposed by Faquharson [6], along with 
early work on aeroelastic stability carried out by Bleich [7]. Then the flutter stability problem which 
was first investigated experimentally and theoretically in aeronautics by Wagner [8], was extended 
by Bisplinghoff [9] and Scanlan [10-11] and analytical formulations of forces acting on vibrating 
elongated bluff-bodies like long-span bridge decks were proposed. 

The modern aerodynamic design of bridges began with the investigations of the aerodynamic 
instability that led to the collapse of the Tacoma-Narrows bridge. Non-deterministic dynamic 
analytical design methods of wind buffeting resistance found their beginnings later. Both methods 
were developed independently from each other and interaction between the two phenomena was 
often ignored.  

In practice, wind design of large bridges is divided in two parts: the analysis of the aeroelastic 
stability of the bridge deck under smooth flow and the analysis of the dynamic response of the 
structure under turbulent wind. This two-step approach (stability check and buffeting check) was, in 
the past, explained by the complexity of the analytical problem and the huge computational effort 
required. The complex structural response in the stability check and the complex aeroelastic 

 



 
 
6 17TH CONGRESS OF IABSE, CHICAGO, 2008 

 

interaction in the buffeting analysis have been avoided. However, with the introduction of powerful 
computers, such approach was no longer meaningful. The separate investigation of buffeting and 
instability provides satisfactory results in many cases. However, in very slender, torsion-sensitive 
bridges, and in high wind speeds, this approach becomes insufficient. 

3.1 Typical flow induced vibrations 
Before to go further, it is important at this stage to explain which coupling phenomena can interest 
the engineer when designing a structure. To do so, let us recall that wind forces can induce 
vibrations on a structure according to three types: 

  External Induced Vibrations (EIE): this mainly occurs when the wind flow is turbulent. 
The turbulence induces forces (called buffeting wind effects) which generate a structural 
motion; 

  Motion Induced Vibrations (MIV): when the structure is moving, it modifies the flow 
resulting in a modification of the wind forces. A coupling can therefore potentially exist 
between the movement of the structure and the flow induced forces. This coupling is called 
aeroelastic interaction and can lead to large vibrations; 

  Vortex Induced Vibration (VIV): when vortex shedding occurs, the quasi-periodic flow 
forces (called signature wind effects) are almost independent of the body movement when a 
structure frequency is not close to the vortex frequency. This vortex frequency is depending 
on the wind speed; for some winds speeds, resonance can occur and large vibrations can be 
noticed. A coupling phenomenon nevertheless exists between the vortex shedding and the 
vibrations: this is the lock-in phenomenon. 

Fig.6 illustrates the typical behaviour which can be observed. When a structure is vibrating, the 
different types of wind induced forces are simultaneously present in the flow. It is sometimes very 
difficult to characterize them independently because the physical mechanisms can be strongly 
coupled. In practice, only the buffeting upstream fluctuations can be described independently of the 
structural vibration. In this context the flow loading is modelled by assuming that the turbulent 
wind effects are uncoupled of the non stationary vortex or motion induced effects [12]: 

 Wind loading = Signature and aeroelastic effects + buffeting effects (1) 

It is very difficult to justify such an assumption; the non stationary upstream wind effects can 
modify the signature and aeroelastic mechanisms. Tests on sectional models have indeed revealed 
that the turbulence level can have a significant effect on the aeroelastic wind effects. 

The separation between signature and aeroelastic effects is less obvious. When the flow boundary 
layers remains attached, the non stationary signature effects are not modified by the structure 
movement. This is valid for bridge decks as long as no lock-in phenomena occur. It is then possible 
to uncouple the wind effects as: 

 Wind loading = Signature effects + aeroelastic effects + buffeting effects (2) 

If the structural frequency is close to the vortexes frequency, the signature and the aeroelastic 
effects are strongly coupled according to the vibration amplitude. 
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c – VIV + EIV d – VIV + EIV + MIV 
Fig. 6: Vibration amplitude versus wind speed for typical observable behaviours 

3.2 Aeroelastic and quasi-static approaches 
From the point of view of the motion induced vibrations, three cases have to be distinguished. The 
key parameter which will help to characterize the flow-body interaction is the reduced frequency . 
This number is defined as the ratio between two periods related to the studied problem: the first one 
is the crossing time 

rk

fT  of a particle along the body. The second is the vibration period of the 
structure sT . If the body has a width B  and the flow a speed U , the reduced frequency is given by: 
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 (3) 

The inverse of the reduced frequency is called the reduced wind speed . rU

If the reduced frequency is larger than 1, the structure is vibrating with a high frequency. During its 
travel time along the body, a fluid particle will be subjected to several movement periods. The flow 
load effects have to be calculated or measured taking into consideration this movement. If the 
reduced frequency is close to 1, a real fluid-structure interaction occurs since the travel time is 
almost equal to the motion period. This is a very complex problem from the fluid mechanics point 
of view and the motion amplitudes can be large enough to introduce non linear effects. At last, 
when the reduced frequency is smaller than 1, the fluid is not influenced by the structure movement 
since the travel time of the particles is smaller than the motion period. For the fluid, the structure 
appears to be fixed and the load effects are not varying during a motion period. Under this 
assumption, at each instant, the flow loading is similar to the one acting on the body if this one 
would have been fixed. This instantaneous fluid adaptation leads to the quasi-static theory, often 
used in civil engineering (buildings and bridges). 
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Nevertheless such an assumption is wrong 
and supposes that there is no delay between 
the load and the motion. If a step motion (as 
a quick rotation of the body) is applied, the 
loading pattern on the body is not 
instantaneously adapted to the new attack 
angle. Fig.7 illustrates this phenomenon in 
the case of the Millau bridge. This delay is 
very important when analysing the 
aeroelastic stability. The quasi-static 
assumption cannot describe properly energy 
transfers. This is particularly true for bluff 
bodies because several singularities generate 
vortexes and because viscosity is playing a 
major role due to the presence of separation 
points. 

This delay problem also occurs when a 
turbulent upstream wind is travelling along a 

body. Along this body a train of waves is moving and the maximal velocities are not necessarily 
occurring at the same time. This depends on the wave length (or differently on the travel time of a 
particle along this wave length) of the turbulent fluctuations. Smaller they are, higher are the 

fluctuation frequencies (i.e. smaller is the 
travel time) and smaller is the correlation 
between the turbulent velocities. This reduces 
the instantaneous occurrence of the maximal 
wind speeds and consequently is playing the 
role of a reduction factor, called the 
aerodynamic admittance. This admittance 
takes care of the non stationary effects related 
to the turbulence effects. 

 

Fig. 7: Delay phenomenon between torsional 
motion and wind loading for the Millau bridge 

For the quasi-static theory, the motion 
coupling wind load effects are expressed by 

[12]: 
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Fig. 8: Displacement and forces 
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where C  and ( )0j ( )0jdC
di

 ( , ,= αj h p ) are the aerodynamic coefficients (obtained for the body 

being fixed in the flow) and their derivatives function of the attack angle i , jQ  being equal to 

21
2

= ρQ U B  for  and Q B  for ,=j h p = αj . B  is the body width, U  the wind speed,  the air 

density.  is respectively related to the vertical, lateral and torsional motion.  is a 
coefficient characterizing the aerodynamic centre.  

ρ

, ,=j h p α r

The aeroelastic approach introduces other motion coupling coefficients as [12]: 
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with ω= BK
U

 (reduced pulsation). The parameters  are called flutter derivatives: their name 

is coming from the point that Eq.

* ( )ijG K

(5) is a first order term of a Taylor expansion for the flow induced 

forces. They play a similar role than dC
di

. 

3.3 Stability analysis 
When using a finite element approach for assessing bridge buffeting response with aeroelastic 
interaction, a set of coupled differential equations is obtained [13]: 

 [ ] ( ){ }[ ] ( ){ } [ ] ( ){ } ( ){ } ( ){ }
Aeroelastic effects Buffeting effects

+ = +&& &
14243 14243aero turbM X t C X t K X t F t F t  (6) 

where [ ] [ ] [, , ]M C K  are respectively the mass, damping and stiffness matrices, ( ){ }X t  is the 

vector of nodal displacements, and ( ){ } ( ){ },aero turbF t F t  are the aeroelastic and turbulent wind 
effects. 

The self-excited forces – or motion induced force - are usually expressed in terms of velocities and 
displacements. In frequency domain, they can be formally written: 

 ( ){ } ( ) ( ){ } ( ) ( ){ }, ,ω = ω ω + ω ω⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦&
aeroF A U X B U X  (7) 

Under the quasi-static theory, the matrices ( ) ( ), , ,ω ω⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦A U B U  are independent of the pulsation 
. When using an aeroelastic approach, it is necessary to keep in mind that the fluid-structure 

interaction is strongly depending on the movement period.  
ω

Consequently, equation (6) can be rewritten as follows: 

 [ ] [ ] ( )( ) [ ] ( )( )( ) ( ){ } ( ){ }2 , ,−ω + ω − ω + − ω ω = ω⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ turbM i C A U K B U X F  (8) 

The impedance matrix  represents 

a coupled « fluid-structure » system. The circulatory frequencies ω  which lead to null determinants 
of the impedance matrix for particular wind speeds U, are flutter circulatory frequencies and the 
corresponding wind speeds are critical flutter wind speeds. The impedance matrix is a  
matrix if  is the number of nodes in the finite element modelling. As the number of nodes can be 
very high, the problem can be reduced by projecting equation 

( ) [ ] [ ] ( )( ) [ ] ( )( )( )2 , ,ω = −ω + ω − ω + − ω⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦Z M i C A U K B U

×N N
N

(8) on the truncated set  of 
modal vectors [ ]  

×N M
Φ ( 〈〈 )M N . In that case, it comes: 

 ( ){ } [ ] ( ){ }ω = Φ ωX Q  (9) 

  (10) ( )( ) ( )( )( ) ( ){ } [ ] ( ){2 ˆ ˆˆ ˆ ˆ, ,⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤−ω + ω − ω + − ω ω = Φ ω⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦
t

turbM i C A U K B U Q F }
where 
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The new impedance matrix  is therefore an ( )ˆ ,⎡ ω⎣Z U ⎤⎦ ×M M  matrix with M  largely smaller than 

. N

Instability – called flutter – occurs when it exists an oscillatory frequency  which makes equal to 
zero the determinant of the impedance matrix: 

ω

 ( ) [ ] [ ] ( )( ) ( )(2 ˆˆ ˆˆ ˆ , ⎡ ⎤⎡ ⎤ ),⎡ ⎤ω = −ω + ω − ω + − ω⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦G m j c A U k B U  (12) 

Such oscillatory frequencies only exist for particular wind speeds called « critical » flutter wind 
speed. The pK-F method [12-13], inspired from aircraft industry's p-K method, permits the 
determination of these flutter wind speeds. Let us consider the following equation, function of the 
complex variable : ( )= δ + ωs j

 ( ) [ ] [ ] ( )( )( ) ( )( )( )2 ˆˆ ˆˆ ˆ , ⎡ ⎤⎡ ⎤ ,⎡ ⎤= − + − ℑ + − ℑ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦G s s m s c A U s k B U s  (13) 

where .  denotes the determinant function and  and  are the real and imaginary 
parts of . Assuming that the N oscillatory frequencies  of the undamped system are computed, 
let us start from a fixed wind speed . Then, for each selected frequency, the following procedure 
is performed from the wind speed  to a final wind speed 

( )ℜ = δs ω ( )ℑ = ωs
s 0ω i

0U

0U fU  according to the numerical scheme 
presented in Fig.9. 

1. Compute two starting values of is  as it follows:  i( ),1 0 00.01= − ω + ωi iU j ; ( ),2 0= ωi is U j ; s

2. Compute the reduced frequencies ( )( ) ( )(,1 ,1 ,2 ,2and= ℑ = ℑi i i i )K s U K s U  corresponding to ,1 ,2andi is s ; 
3. Compute the 18 flutter derivatives corresponding to each reduced frequency; 
4. Compute the value of ( )⎡⎣G s ⎤⎦  for each couple of values ( ) ( ) ( ) ( ),1 ,1 ,2 ,2, and ,i i i is U K U s U K U ; 
5. The next value of s is chosen by using a linear prediction scheme as 

( )
( )( ) ( )( )
( )( ) ( )( )
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,3

,2 ,2
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i i i i

i

i i

s G s U s G s U
s U

G s U G s U

⎤⎦ , 

6. Repeat steps 2-5 until ( )( ),2 tolerance 1⎡ ⎤ <⎣ ⎦iG s U . For each new iteration, ( ) ( ),1 ,2=i is U s U  (previous iteration) 

and ( ) ( ),2 ,3=i is U s U ; 
7. When the previous convergence test is verified for the selected number of frequencies, then compute the real parts 

( )ℜ is  of each solution is . If ( ) tolerance 2ℜ <is , then flutter occurs for this frequency and for the corresponding 
wind speed U  which is a critical flutter wind speed. 
Fig. 9: pK-F method for calculating aerodynamic stability 
Fig. 10 presents an example of stability diagram for the Vasco da Gama bridge model. 
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Fig. 10: Stability analysis of the Vasco da Gama bridge by the pK-F method 

3.4 New trends in flow-induced vibrations with CFD 
New developments in flow-induced vibrations will certainly come from Computational Fluid 
Dynamics (CFD). The linear coupling models from the previous sections are commonly used but 
serious drawbacks, or at least no clear justification for their use to any design, can be noticed. The 
interaction between turbulence, signature and motion induced vibrations can only be checked by the 
recourse to a full modelling of the fluid dynamics. Furthermore, scale effects between wind tunnel 
tests and 1:1 sections cannot help to understand clearly the impact of some designs. Scale 
requirements for Reynolds number are such examples; it is quite impossible to fulfil them in wind 
tunnel tests leaving the engineers to some open questions. CFD and computer technologies provides 
today an alternative way for understanding fluid mechanisms around bridge decks [14]. 

The CFD practice in the field of aeronautics is very instructive. In this sector, it is used for a long 
time and became a mature science for two principal reasons. Initially, the engineers and researchers 
developed computer codes for specific applications. The majority of the codes were thus conceived 
not to be general but to introduce the most appropriate numerical methods to the concerned 
problems. In these cases, the codes users are experts of the flows nature which they want to predict. 
The fluid mechanisms under concern (like around a wing) are generally more reduced than in the 
study of the aerodynamic behaviour of bridge elements, and often simpler to apprehend. It should 
finally be stressed that the requests for precision in aeronautics is more important than in civil 
engineering: a 1% reduction of the plane drag can induce a considerable economic profit, whereas a 
10% tolerance on the calculation of the aerodynamic loading for a roof can be largely sufficient. 

The basic equations for fluid dynamics are the well known Navier-Stokes equations: 

 
( ) 2

0

-

∇ • =⎧
⎪

∂⎨ρ + ρ •∇ = ∇ + μ∇ + ρ⎪ ∂⎩ t

u
u u u p u f

 (14) 

  on  (15) ( ) ( ) ( )b z bt t= + Ω × −u U e x x ∂F

)

  at ∞  (16) ∞→u U

where  is the velocity field,  the kinematic viscosity and  the free stream velocity. For 
bluff body flows, the body is subject to a translation movement with a velocity  and to a rotation 
motion around its mass center, , with an angular velocity . Except for very simple cases, 

( tu x, μ ∞U

bU

bx ( )Ω t
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they seldom lead to analytical solutions. 
In particular, the flows around complex 
bodies, such as of bridge decks, can 
only be handled by numerical 
simulations. They nevertheless require 
an important computational effort, 
even for two-dimensional flows. This 
assumption usually simplifies of much 
the numerical simulations and is close 
to the approach employed in wind 
tunnel tests for analysis sectional 

models. The analysis of the real flows is in fact considerably complex: viscosity introduces a part of 
uncertainty into the flow and is responsible for the development of longitudinal vortexes. 
Calculations and experiments show however that three-dimensional phenomena, generating 
turbulent effects, are generally uncoupled from the two-dimensional effects (vortex shedding, 
motion-induced adaptation…). 

Fig. 11: Example of a fluid Grid for CFD simulations 
(preliminary design of the Millau bridge)  

The Navier-Stokes equations are usually discretized in time and space. A grid is distributed over the 
flow domain (Fig.11). Velocities and pressures are calculated at any point of the grid as far as the 
boundary conditions are fulfilled (Fig.12). 

 

Fig. 12: Iso- pressures and velocities (preliminary design of the Millau bridge)  

The rapid increase in computation power has favoured the development of Navier-Stokes equations 
for studied turbulent flows. Direct Numerical Simulations (DNS) provide the direct integration of 
the Navier-Stokes equations, but requires a large storage capacity and is time consuming. This 
technique is in fact badly adapted for calculations of atmospheric turbulent flows because they 
consist of a multitude of vortexes with different sizes and it is necessary to use a very fine, 
expensive spatial discretization. For correctly describing boundary layers and wake effects, the 
meshes must be sufficiently small to correctly apprehend all the turbulence scales. Large Eddy 
Simulation (LES) is based on the spatial filtering of the Navier-Stokes equations. With this 
technique, the equations of the turbulent flow are filtered and are solved only for large turbulent 
structures, whose size is larger than the meshes. The small scales, which are not simulated, are 
taken into account with sub-meshes models. These models, strongly inspired by those used in the 
statistical approach, suppose that the movements of the small structures do not depend on the 
boundary conditions compared to the movements of the large structures. This technique, in which 
the evolution of the large structures is simulated while the small scales are modelled, makes it 
possible to study flows with high Reynolds numbers. The statistical approach is less expensive in 
computation time and is usually used by the industrial codes; according to the literature, they are 
well adapted to the atmospheric flows. The objective of this approach is to forget the instantaneous 
fluid aspects and to search equations predicting the evolution of the average fields. For this purpose 
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the equations of motion are averaged in order to eliminate the fluctuating terms, and new unknown 
factors are introduced by closure or turbulence models. Increased model complexity improves the 
physical representation of the flow, but also induces computational efforts. Thus, for each type of 
flow, it is necessary to determine the best compromise between the precision of the results and the 
complexity of the model.  

The modelling of the effects in the vicinity of the bodies moreover requires the use of very fine 
meshes because of the strong velocities gradients. This led to significant costs of calculation. To 
circumvent these difficulties, a method consists in shifting the boundary "fluid/body" inside the 
flow field (but close to the wall), and enforcing in this zone the introduction of empirical laws 
resulting from the theory of the boundary layers. 

The Arbitrary Lagragian-Eulerian (ALE) formulation is particularly interesting for analysing flows 
when the body is moving. The space-discretization of the original solver is based on a classical 
finite element formulation. The computational area is an unstructured triangulation of the domain, 
verifying classical regularity conditions. The time-discretization is based upon a first order 
characteristics method. Computation of upwind characteristics is based on a first-order time-
approximation. When the body moves, the fluid area is deformed. The triangulation is then 
modified at each time step. In the ALE formulation each element of the triangulation is allowed to 
move using an elastic analogy. A compatible velocity field in moving coordinates must then be 
specified to compute a generalized Stokes problem at each time step. 

In the light of the performed studies, the compared analysis of the numerical and experimental 
results have highlighted that the direct resolution of the Navier-Stokes equations (with a laminar 
strategy without turbulence models) is sufficiently performing to reproduce the physics of the large 
vortex scales which dominate the signature and aeroelastic loadings [14]. The principal evolutions 
of fluctuating pressure field and the resulting efforts could be qualitatively apprehended with 
relatively rough grids (approximately 5000 points). Significant variations are nevertheless noted on 
the predictions of the separation zones for long profiles. One of the most interesting results is that 
the unsteady flow physics (signature or aeroelastic response) is well apprehended by the numerical 
simulations: the Strouhal numbers and the identified aeroelastic coefficients can be in good 
agreement with the experimental tests (Fig. 13).  

 
Fig. 13: Comparison between simulations and experiments for the aeroelastic pitch coefficients 
(preliminary design of the Millau bridge)  

The other result is that the mean flow is sometimes poorly described, leading to wrong estimates of 
the aerodynamic coefficients. These two results is in contradiction with the intuitive reasoning 
which often consists in admitting agreement between mean values and divergence between first 
order phenomena. In this case, the use of numerical simulations for the estimation of mean 
aerodynamic coefficients must thus be considered with care. 
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The disadvantage of the Navier-Stokes numerical methods lies in the effort necessary to discretize 
the flow domain. This problem can be avoided by a particle method, a technique developed in 
aeronautics in the 1960s. The discretization is carried out by dividing the body contour into small 
elements, each one generating a vortex. These elementary vortexes are the solutions of the vortex 
equation, a rewriting of the Navier-Stokes equations. For the application of high Reynolds number 
separated flows, the discrete vortex method presents the advantage of being free from numerical 
dissipative truncation errors due to adaptive Lagrange characteristics. Two-dimensional 
incompressible flows are governed by the vorticity equation: 

 2∂ω + ⋅∇ω = μ∇ ω
∂t

u  in F  (17) 

  in 2∇ Ψ = −ω F ;  in = ∇× Ψu F  (18) 
 in ( ) (0,0ω = ωx x  ) F ;  on ∂ ;  at ∞  (19) ( ) ( ) ( )= + Ω × −b z bt tu U e x x F ∞→u U

where  is the vorticity,  
the stream function, ω  the 
initial vorticity. For bluff 
body flows, the body is 
subject to a translation 
movement with a velocity U  
and to a rotation motion 
around its mass center, , 
with an angular velocity 

. The vortex method is 
shown on Fig.14. 

ω Ψ
0

b

bx

( )tΩ
 

Fig. 14: Flow pattern around a bluff body 
with a strength particle exchange method 

Random vortex methods 
(RVM) are easy to implement, but some disadvantages cannot be ignored. Firstly, for long 
simulation periods, due to the distortion of the vortex blobs, the error increases rapidly. Secondly, 
the resolution is not good enough for simulating the diffusion phenomenon, and each random step 
may be considered as a flow disturbance. For bounded flows, because of the influence of the 
random walk, the strengths of the new vortex blobs on the boundaries are highly random. Third, the 
no-slipping boundary condition is simulated by using nascent vortices, which results in larger 
numerical errors. In order to avoid the disadvantage of the random walk, but to keep the advantage 
of discrete vortex method as a Lagrangian method, a deterministic vortex methods, named particle 
strength exchange (PSE), has been developed [15]. 

Despite the complexity of the numerical techniques and of the flow mechanisms, the recourse to 
CFD can appear tempting when one wishes to reduce the number of wind tunnel tests. But, to date, 
can we really trust numerical predictions? This question, somewhat polemical, does not have really 
a complete and precise answer. The studies presented in [14], based on the resolution of the Navier-
Stokes equations, for shaped sections rectangular, fixed or mobile, led to a certain number of points 
of convergence, but also of divergence. In the light of the undertaken studies, the compared analysis 
of the numerical and experimental results highlighted that the direct resolution of the Navier-Stokes 
equations was able to reproduce the physics of the large vortex scales which dominate the loading 
of signature (fluid instability of collision type) or the aeroelastic response of the flow (motion-
induced adaptation) for modes of moderate flows. The conclusion drawn from these studies is that 
the use of numerical simulations for the study of the aerodynamic and aeroelastic behaviour of 
bridge decks seems promising. 
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Apart from the limits noted and mentioned in 
this paper, the influence of the Reynolds 
number still remains unsolved. In experiments 
such a study is difficult because limited by 
wind tunnel width and power. To be accessible 
numerically, fluid codes must be able to 
manage the coherent structures generated by 
fluid instability or by the movement, and those 
developed by turbulence due to high Reynolds 
numbers. Yang [16] has shown that the 
particle strength exchange (PSE) method can 
be very efficiently used to calculate Reynolds 
numbers effects on 2-dimensional bridge 
sections. From the performed analysis, she 

concluded that the calculated drag coefficients of the Sutong bridge are in good agreement with the 
experiments. Due to the complexity of the lift coefficients and moment coefficients variations 
versus the Reynolds number, a noticeable difference can be noted for these coefficients. She also 
noticed that Reynolds numbers influence cannot be underestimated. In the range of  and , 
their influence is large enough to assume that Strouhal numbers for real bridges cannot be 
accurately assessed by experiments (Fig.15). 
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Fig. 15: Strouhal number variations 
versus Reynolds number (Sutong bridge) 
(adapted from [16]) 

3.5 Rain-wind induced vibrations of cables 
Cables of cable-stayed bridges can experience strong vibrations under the combined effect of rain 
and wind. This commonly referred as Rain-Wind Induced Vibrations (RWIV) and has been the 
subject of significant work in recent years. The concerned cables have usually diameters between 
15 to 20 cm. The related observed wind speeds are low, between 5 to 15 m/s for Reynolds numbers 
close to 105. 

This phenomenon is particular because it occurs for low wind speeds while usually for aeroelastic 
vibrations, larger is the wind speed, and more instable is the fluid-structure coupled system 
behaviour. Several researches have been carried out and four general explanations are usually given: 

  three-dimensional vortex shedding due to the axial and transverse flow, typical for 
inclined cables. Rain is not necessary for this instability; 

  dry galloping due to the elliptical shape of an inclined cable seen by the flow. Rain is not 
necessary for this instability; 

  wet galloping due to the presence of water rivulets along the inclined cable which form a 
change in the cable shape. A classical galloping has been reproduced in wind tunnel tests; 

  rain-wind interaction which is generalises the wet galloping by introducing an oscillation 
of the rivulets coupled with the cable vibration. The analysis shows that the rivulet 
movement contributes to help the cable vibration. 

All these mechanisms are still in debate but it seems to appear that the presence of a rainwater film 
may play an important role in the understanding of this stability.  

Recent studies have tried to focus attention on a more general basis, through the dynamics of a film 
under wind load. Such an approach implies to couple three problems: the mechanical one (cable 
vibration), the water flow (thin film) and the air flow (wind) and to derive the problem in the 
framework of lubrication. Analysing the formation of rivulets let us consider a thin liquid film on a 
cylinder, flowing along the cylinder axis. Its shape is influence by the effect of gravity, surface 
tension and wind load. Typical orders of magnitudes of the parameters are a ratio of film thickness 
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to the cylinder radius of 10-2, a Reynolds number for the wind flow of about 104 while the Reynolds 
number for the flow of rainwater along the cylinder is about 102. 

Using a similar approach used by Reisfeld and 
Bankoff [17], Lemaitre & al [18] have derived 
the equation of motion of a liquid film on a 
cylinder under the action of gravity, surface 
tension, pressure and friction forces due to the 
air flow. It is assumed that both the relative film 
thickness h R  and its gradient ,θh R  are small. 

 
Fig. 16: Rivulet of rainwater flowing 
along an inclined cable subjected to wind 

It is possible to show that the equation 
governing the dynamics of the film [18] can be 
expressed in terms of the Bond “Bo” and Froude 
“Fr” numbers: 
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where  is a reference film thickness,  the surface tension, 0h γ ν  the viscosity of the liquid, ρ  and 
 the densities of air and water, 

a

ρw PC  and  the pressure and friction coefficient.  FC

If an uniform film on the cylinder is subjected to the effect of gravity and of wind load its 
evolutions is governed by Eq.(20), on all points around the cylinder. This growth rate, on a film of 
uniform thickness 1≡H  reduces to: 

 ( ) 2
, ,

1 3cos Fr
2 2θθ θ

⎡ ⎤θ = θ + −⎢ ⎥ε⎣ ⎦P Fr CM C

°

 (23) 

The rivulet grows and eventually stabilizes through 
non-linear effects at the location  where the local 
growth rate of a uniform film is maximum. Fig.17 
provides the position of the rivulets versus the 
upstream wind speed. In the absence of air flow, only 
one rivulet exists at . When air flow is present, 
there is a competition of gravity with wind pressure 
and friction results in the formation of one or two 
rivulets whose positions depend on the wind speed. At 
low airspeed, only one rivulet forms at ; when 
the speed is increased, the single rivulet splits up into 
two symmetrical rivulets; the rivulet moves leeward as 
the flow speed is further augmented and a maximum 
position is reached at . The experimental 
saturation angle  is bounded by the 

θR

0Rθ = °

0Rθ = °

maxRθ = θ
exp
max 78θ =

 
Fig. 17: Position of rivulets as function 
of the wind speed (adapted from [18]) 
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subcritical and supercritical values  and  which may indicate that laminar-
turbulent transition of the boundary layer occurs. 

max 68subθ = ° °sup
max 91θ =

Such a model, based on lubrication theory, describes well the appearance of the two water rivulets 
that are claimed to be responsible for RWIV of cables. The friction is shown to play a significant 
role in the generation of the rivulets.  

4. Human-induced vibration 
On June 10, 2000, a new footbridge over London's Thames river was opened to the public. 
Designed by a team including renowned sculptor Sir Anthony Caro and Britain's leading architect, 
Lord Norman Foster, the Millennium Bridge was built with an extremely shallow profile, intended 
to resemble “a blade of light”. It was constructed during 1998-2000 at a cost of £18.2 million, 
including a £2.2 million cost overrun. As an eager crowd streamed onto the bridge for the opening 
celebration, something went wrong. Within minutes, the bridge developed large amplitude side-to-
side oscillations, and the crowd simultaneously began to fall into step. Due to this completely 
unanticipated motion, city authorities were forced to close the bridge just two days after its 
inauguration. During the following 18 months, Arup, the engineering firm that built the bridge, 
spent £5 million to develop a system of passive dampers aimed at controlling the unwanted wobble. 
Their testing and modelling led to a partial understanding of the problem, but left several interesting 
phenomena – including the apparently spontaneous synchronization of the pedestrians – 
unexplained. 

In the nineties already, several researches [19-20] noticed that pedestrians are forced to adjust their 
step length and speed to some extent to the motion of other pedestrians if footbridges are exposed to 
large pedestrian traffic: this mechanism can be defined as synchronization among pedestrians and it 
is independent of the footbridge dynamic characteristics. In the case of footbridges with a lateral 
frequency close to the walking frequency (i.e. 1 Hz), a further synchronization can be achieved 
between the motion of the footbridge and pedestrians [20]. 

The excessive lateral sway motion caused by crowds walking across footbridges has attracted great 
public attention in the past few years: the example of the Millenium footbridge is not the only one 
and it is possible to mention other footbridges which were prone to these vibrations: T-bridge in 
Japan, Solferino footbridge… 

The mechanisms investigated in the literature can be classified into three classes: 

  direct resonance activated if pedestrian excitation is in resonance with a mode of vibration, 

  dynamic interaction based on suitable models of the interaction between the bridge motion 
and the pedestrian motion, 

  internal resonance due to structural nonlinearities giving rise to internal resonance 
conditions among different modes of vibration. 

Dynamic interaction is certainly the family of models which receive most of the attention, but none 
of the proposed models can explain the physical phenomenon of synchronization and strongly rely 
on experimental data and empirical formulas. 

An efficient and pertinent model for human induced vibration cannot be built without clearly 
providing an understandable meaning to the synchronization phenomenon. Consequently, any 
model which does not attempt to model this synchronization will fail to be an appropriate model for 
analysing footbridge vibrations under pedestrian loading. 
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4.1 Introduction to synchronization 
The story of synchronization begins with an ill Dutch scientist. In 1665, Christiaan Huygens (Fig.18) 
was lying in bed, sick, with the ticking of the clock keeping behind him company. In fact, there 
were two pendulum clocks hanging on the wall in his room; in earlier years, he had worked hard to 

invent and perfect the design of these timepieces. During a few 
days spent watching the clocks, he noticed that the pendula 
always moved so that when one was furthest left, the other was 
furthest right, and vice versa, so that they always moved opposite 
of one another. Huygens tried to disturb the rhythm and the 
clocks always came back to the same relative orientation. He 
decided that each pendulum caused an imperceptible motion in 
the beam of the wall from which they were hanging, and that this 
motion tended to force the other pendulum toward moving in 
synchrony with it. Once the pendula were synchronized like this, 
their opposite forces would cancel and the beam would stay still. 

 
Fig. 18: Christiaan Huyghens 

Modern scientists would call the motion of the beam the coupling 
between the clocks and the type of synchronization anti-phase 
(since the pendula are moving opposite of one another). 
Biologists are certainly the scientists who found in abundance 
synchronization in nature. A particularly beautiful example 
comes from certain species of fireflies (Fig.18) in southeast Asia. 
Huge populations of fireflies have been observed, all flashing in 
perfect unison, making long swaths of light flashing on and off in 
the darkness. It was in sixties that scientists understood that this 
phenomenon was not induced by a single conductor firefly but 
rather by the interactions among all others. 

This synchronization phenomenon is not unique in nature and it is 
common, for instance, for applause to become synchronized 
across a large group of audience members. It could therefore 
straightforward to analyse human induced vibration on footbridge 
as a sort of synchronization phenomena as met in fireflies or 
audience populations. 

Following the Winfree’s model, Y. Kuramoto [21] began 
working with collective synchronization in 1975. Like Winfree, 
he proposed a model in which the effect of each oscillator’s phase 
is determined by the combined state of all the oscillators. The rate 

of change of the phase of an oscillator is determined by a combination of its natural frequency  
and the collective state of all the oscillators combined. Assuming that each oscillator is affected by 
every other oscillator, he proposed a global coupling given by: 

iω

 
Fig. 19: Flashing fireflies 
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where C  is the coupling constant and  the number of oscillators.  is the phase of oscillator N°i. N iθ

It is possible to rewrite differently this model by introducing the order parameter r , a measure of 
the amount of collective behaviour in the system. For footbridge vibration, this will reproduce the 
percentage of pedestrians synchronised to each other: 
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where ψ  is average phase of all oscillators. 

Eq.(25) will help to model the synchronization phenomenon among the pedestrians who are as 
oscillators. To be fully complete, the footbridge movement (first lateral mode) has then to be 
coupled with Eq.(25): 

  (26) ( )
1

sin
N

ped i i
i

M X C X K X G
=

+ + = = θ∑&& & F

iG  is the amplitude of the lateral forcing of pedestrian N°i. , ,M C K  are respectively the modal 
mass, damping and stiffness relatively to the lateral mode which natural frequency close to 1 Hz. X 
is the vertical displacement. 

S. Strogatz [22], a very famous mathematician who worked for several years on synchronization 
problems in biology, and D. Abrams [23] proposed such a model to model human induced vibration 

on footbridge. Starting from the point 
that existing theories did not really 
address the crowd-synchronization 
dynamics, they insist on the fact that 
wobbling and synchrony are inseparable. 
They emerge together, as dual aspects of 
a single instability mechanism, once the 
crowd reaches a critical size. This critical 
size was already proposed by Dallard [24] 
but the primary disadvantage of his 
model is the empirical nature of the 
description of pedestrians. The linear 
relationship between the pedestrian 
lateral force and the bridge velocity 
should ideally be explained by the model, 
rather than assumed. Also, the empirical 
law leaves no room for explanation of the 
observed synchronization effect (Fig.20). 
Born out by numerous firsthand accounts 
and video footage from opening day, 
synchronization clearly occurred and was 
related to the unwanted wobble. What 
caused people to fall into step? Another 
downside to this approach is that the 
predicted critical number of pedestrians 
depends only on the damping, and is 
independent of the natural frequency of 
the bridge. One might expect different 
bridges (or spans) to have different 
critical thresholds. The effect of the 
walker frequency distribution is also 
unknown in this model. 

Let us go back to Eq.(25) and assume 
that the frequencies  are randomly 
distributed with a density , reflecting 

the diversity of natural footfall rates across the crowd. Eq.

iω
P

(25) is modified by Strogatz and Abrams 
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Fig. 21: Linear relationship between bridge velocity 
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by replacing the term C r  by B a  where  is the bridge motion amplitude and a B  quantifies 
pedestrians’ sensitivity to bridge vibrations. This modification of the Kuramoto’s model is valid 
because it can be proved that there is a linear relationship between the parameter order and the 
wobbling amplitude.  

It is far beyond this paper to derive the equations of this interaction phenomenon. It must be 
nevertheless noticed that Eq.(25) and Eq.(26) form a set of  coupled equations. To analayse 
this non linear stochastic system, the method of averaging is employed. This lead in fact to increase 
the model order to  coupled equations, where the variables are the bridge amplitude, the 
average pedestrian phase and the individual pedestrian phases.  

1N +

N + 2

This model is able to characterize a synchronization phenomenon: as more and more people walk 
on to the deck, there is no hint of instability until the crowd reaches a critical size after which 
wobbling and synchrony erupt simultaneously. The authors propose to calculate this critical number 
of pedestrians: 
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 (27) 

where  are respectively the natural pulsation of the bridge and the damping ratio. This model 
also accounts for the previously unexplained empirical observation1 that the excitation force 
generated by the crowd grows linearly with the bridge amplitude (Fig.21). 

0,ω ς

Applied to the Solferino footbridge, it comes, with [25] 

 0 0260 t; 4.4 rd/s; ( ) 0.63; 0.005; 25 NM G= ω = ω = ζ = =P  (28) 
that the critical number is  (using  as proposed by Strogatz and Abrams). 
Applied to the Millenium bridge with 

127cN = -1 -1=16 m sC

  (29) 0 0113 t; 6.47 rd/s; ( ) 0.63; 0.007M = ω = ω = ζ =P
the critical size number is 168. These two values are very close the ones obtained during tests. 

5. Non linear cable dynamics 
In the design of cable-stayed bridges, it is not rare to model stay cables as prestressed beam 
elements with null bending stiffness. This modelling does not make possible to apprehend their 
dynamic behaviour, but ensures a degree of approximation enough to describe the bridge dynamic 
behaviour. The dynamic response of the stay cables (from the static configuration) is then carried 
out separately. This separation between the global dynamic structural behaviour and local cable 
vibrations does not allow to consider in a realistic way the eventuality of internal resonance and 
parametric excitation between deck and/or pylon and stay cables for instance. 

Many authors (see [25] for further details) have proposed to analyse the dynamic behaviour of 
cable-structure systems by improving this "local/global" approach. The local motions are the modal 
motions of the cable while the global motions are 3D motions of the structure. This representation 
allows carrying out calculations more quickly and helps to clearly express the linear and non-linear 
couplings between the stay cables and the structure. 

Non-linear vibrations of cables were first considered by Carrier [26] in 1945 and later by Miles [27] 
in 1965. A lot of work has been devoted to the study of non-linear vibrations of cables since the 
eighties [28]. During these last ten years, with the aid of analytical and experimental methods, 
researchers have studied the response, bifurcation and chaos in cable dynamics.  
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5.1 Modelling non linear cable dynamics 
Let us consider a suspended cable between two distant 
supports i and j (Fig.22). A point on the cable will be 
located by its co-ordinates in local reference frame (j, 
x, y, z). In general, in cable stayed bridges, the stays 
are strongly prestressed, which leads to small ratios 
"weight/tension". Moreover, the Young moduli are 
high and thus the deformations are weak. The cable 
sag is then close to the cord, which reasonably makes 
it possible to approach this deformation by a parabolic 
profile in the plan of gravity of the cable. Let us call 

 and , , ,m g Lθ H  the linear mass, the gravity 
acceleration, the inclination angle of the cable, the 
length of the cord and the longitudinal component of 
the static tension. The Irvine parameter is defined by 

2
2 cosEA mg

H H
θ⎛ ⎞λ = ⎜ ⎟⎝ ⎠

. 

 
Fig. 22: Cable with moving supports 

 

The equations of the plane and out-of-plane motion 
are given by: 

 ( ) ( ) 2

2
x u uH h m

x x t
∂ +⎡ ⎤∂ ∂+ =⎢ ⎥∂ ∂ ∂⎣ ⎦

; ( ) ( ) 2

2( , )z
w wp x t H h m

x x t

⎡ ⎤∂∂+ + =⎢ ⎥∂ ∂ ∂
∂

⎣ ⎦
 (30) 

 ( ) ( ) 2

2( , ) cosy
y v vp x t H h mg

x x t
∂ +⎡ ⎤∂+ + = − θ+⎢ ⎥∂ ∂ ∂⎣ ⎦

∂  (31) 

Damping (low in the case of the bridge stay cables, except in presence of external damping devices) 
is first neglected here. ,y zp p  and h are respectively the wind load effects and the dynamic over-
tension. The boundary conditions are thus written: 

 ; ; v t ; ; ; ;(32) ( )0, ( )iu t u t= ( ), ( )ju L t u t= ( )0, ( )iv t= jv L t v t= ( )0, ( )iw t w t= )

, )

k k
k

v x t x a t= ψ∑ ( ), ( ) ( )k k
k

w x t x b t= φ∑

( ), ( ) ( ), (jw L t w t=

Dynamic over-tension is related to the dynamic deformation by the Hooke’s law, 
, where A is the cable cross-section section. A strongly tended cable behaves 

like a vibrating cord; its transverse frequency is smaller than its axial frequency. So axial inertia and 
the axial deformation are low and can be omitted. 

( ), (h x t EA x t= ε

In-plane and out-plane motions are then projected on this set of mode shapes: 

 ;  (33) ( ), ( ) ( )

where a  and b  are the generalized co-ordinates of the in-plane and out-of-plane displacements. k k

The Lagrange's equations describing cable motion are expressed by: 
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0

ij ij Lp p
z

k kk

E E wp dx
t b bb

⎛ ⎞∂ ∂∂ ∂⎜ ⎟ + =
⎜ ⎟∂ ∂ ∂∂⎝ ⎠

∫&
; 

0

ij ij Lp p
y

k k k

E E vp dx
t a a a

⎛ ⎞∂ ∂∂ ∂⎜ ⎟ + =
⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

∫&
 (34) 

Introducing modal decomposition and since the mode shapes are expressed by ( : 2 1)λ <<

 ( ) sin( )k
xx k
L

φ = π ; ( ) sin( )k
xx k
L

ψ ≈ π  (35) 

it is possible to express the equations of motion in terms of generalized co-ordinates [25]: 

( ) ( )

( ) ( ) ( )

4 2 2 2 1
2 2 2

3

2 22 1
2 2 1

2

1

3 3 2

cos 1 ( 1)2
48

cos 1 ( 1)2 2
4 4

cos 1 ( 1)
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k k vk k k l l k l
l l

l
kd

l l j i k j i
l

k
d
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EA k l EA k mgm a a a a b a a
LH lL

E A kEA k mg mLa b u u a v v
LH l kL

E mgLmL u
lk H

+

+
+

+

⎛ ⎞π π θ ++ ω + + + ⎜ ⎟⎜ ⎟⎝ ⎠
⎛ ⎞ ππ θ + −+ + + − +⎜ ⎟⎜ ⎟ π⎝ ⎠

⎛ ⎞θ + −− −⎜ ⎟⎜ ⎟π

( 1)

−

+ −

⎝ ⎠
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∑

&&

&& &&

&&( )
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L
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( ) ( )
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2 2
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2 0
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+
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π
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∫

&&
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−

φ

 (37) 

with 

 1
2km mL=   

2 2
2

2k wk
H km

L
πω = ; (

2 2 2 22 1
4 4

21 1 ( 1)
2

k
k vk

H km
L k

+ )⎡ ⎤π λω = + + −⎢ ⎥
π⎢ ⎥⎣ ⎦

 (38) 

The equations (36) and (37) highlight many dynamic coupling phenomena: nonlinear coupling 
between vibrations cable modes (quadratic and cubic nonlinearities) and internal resonances. 
Support displacements also affect stay cable vibrations in several manners. Axial displacements 
causes a variation of rigidity, which leads to parametric instability. The lateral and axial 
displacement for the symmetrical plane modes generate forces proportional to accelerations. 

According to equations (38), the circular frequencies of the plane and out-of-plane modes are given 
by: 

 wk
k H

L m
πω = ; ( )

2 21
4 4

21 1 ( 1)k
vk

k H
L m k

+⎡ ⎤π λω = + + −⎢ ⎥
π⎢ ⎥⎣ ⎦

 (39) 

Let us note that it is possible to generalize these equations by introducing a damping coefficient on 
each mode. 

5.2 Modelling bridge interaction 

The total motion of a bridge can be expressed through generalized co-ordinates : kq

 U x ; V x ; W x          (40) ( ), ( ) ( )X
k k

k

t x q t= Φ∑ ( ), ( )Y
k k

k

t x q t= Φ∑ ( ), ( ) ( )Z
k k

k

t x q t= Φ∑( )
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where , ,X Y Z
k kΦ Φ Φk  are the bridge mode shapes 

and , ,X Y Z  are the structural displacements 
(Fig.23). Displacements of a stay cable supports 

 can be expressed according to these 
generalized coordinates [25]. 
( ,i j)

The potential and kinetic energies of the structure 
S can be formulated as: 

{ }( ) { } { } { }( )
( , )

, ,S ij
p p k p k k k

i j

E E q E q a b= +∑ && & &  (41) 

{ }( ) { } { } { }( )
( , )

, ,S ij
c c k c k k k

i j

E E q E q a b= +∑ && & &  (42) 

Again, with the help of the Lagrange's equations, 
it then comes, for k-th mode of vibration for the bridge: 

 
Fig. 23: Local and global co-ordinates 

 
( ) ( )

{ }
, , ,

X
kS S ij ij

p p p p Y
x y z k

k k k k Zi j i j S c
k

E E E E
f f f d

t q q t q q

⎧ ⎫Φ
⎛ ⎞ ⎛ ⎞ ⎪ ⎪∂ ∂ ∂ ∂∂ ∂ ⎪ ⎪⎜ ⎟ ⎜ ⎟+ + + = Φ⎨ ⎬⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ⎪ ⎪⎝ ⎠ ⎝ ⎠ Φ⎪ ⎪⎩ ⎭

∑ ∑ ∫& &
s  (43) 

Combining equation (43) with Lagrange's equations for the set of stay cables, this enables to draw a 
differential equation in terms of generalized co-ordinates q : k

( ) ( ) ( ) { }2 2 2

( , ) ( , ) ,

X
k
Y

k k k k kl l kl l kl l l x y z k
Zi j l i j l S c
k

M q q R a S b Q a b f f f

⎧ ⎫Φ
⎪ ⎪⎪ ⎪+ ω + + + + = Φ⎨ ⎬
⎪ ⎪Φ⎪ ⎪⎩ ⎭

∑∑ ∑∑ ∫&&&& && ds  (44) 

The generalized masses kM  take account of the bridge and the cables generalized masses. 
Equations (44), (36) and (37) allow to analyze the nonlinear dynamic behavior of the stay cables in 
their environment. Beyond the equations, it is interesting to note the presence of linear (of 
acceleration type) and quadratic couplings (“cable/structure”). The linear coupling is due to the 
"global/local" approach. The quadratic coupling is characteristic of internal resonance. These two 
couplings can occur simultaneously. Fig.24 illustrates the different aspects of this "cable/structure" 
interaction. 
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Fig. 24: Coupling phenomena between stays and bridge modes 

5.3 Resonance phenomena 
If external excitation from the direct action of the wind is excluded, the stays can also vibrate by 
rhythmic displacements of their supports. From the equations (36) and (37), the support 
displacement produces an acceleration at all the cable points (in the transverse direction) or a cord 
variation (in the longitudinal direction). To initiate vibration, it is necessary that the supports vibrate 
at a quasi-constant frequency, close to one of the cable frequencies. The support motion helps to 
transfer energy to the cable. This energy transfer can provide large motion amplitudes in a ratio 
inversely proportional to the mass ratio between the stay and the bridge. To consider these 
vibrations, it is essential to determine how this transfer of energy is done, and the ratios between the 
excitations and cable frequencies. 

Axial motion leads to a stiffness variation called parametric instability. The lateral and axial 
motions for the symmetrical out-of-plane case generate forces proportional to support accelerations, 
called resonance phenomena. Let us illustrate and describe these phenomena. 

Let us consider the transverse support motion only; equations (36) and (37) are then reduced to a set 
of ordinary differential equations: 

 [ ]{ } [ ]{ } [ ]{ } { }M C Kξ + ξ + ξ = Δ&& & &&  (45) 

The excitation vector { }Δ&&  is 
composed of the support 
accelerations. Resonance is 
obtained when frequency 
excitation equals  or . 
The generalised co-ordinate 
vector 

vkω wkω

{ }ξ  is made of the 
different generalized co-ordinates 

. [ ]( ),k la b [ ] [ ], ,M K C  are the 
generalised mass stiffness and 
damping matrices. 

Parametric resonance can be 
derived from equations (36) and 
(37) by keeping axial stiffness 
and by supposing harmonic 

support motions with pulsation ω : 

Fig. 25: Diagram of stability for first parametric resonance 
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 [ ]{ } [ ]{ } [ ] [ ] ( )( ){ } { }cos 0M C K P tξ + ξ + − ω ξ =&& &  (46) 

For sake of simplicity, the natural frequencies of this differential system are noted  and are 
assumed to be different. Following the usual classification, one may distinguish two types of 
instability. Firstly, there is the simple parametric resonance which occurs in the neighbourhood of 
the natural frequencies 

kΩ

2 k nω = Ω , , . In the stability limit, the steady state 
response is periodic. Secondly, there is the combination parametric resonance which occurs in the 
neighbourhood of the frequencies 

1,2,k = L 1,2,n = L

( )k l nω = Ω + Ω , , , , . The 
response is an almost periodic function. 

1,2,k = L 1,2,l = L k l≠ 1,2,n = L

5.4 Harmonic balance method 
The simple parametric resonance is that known from the Mathieu’s equation and there exists 
various approximate methods to determine the boundaries of the unstable zones. The most popular 
and effective one is the Bolotin’s method. It consists to search a truncated Fourier series on the 
stability limits. In the case of simple parametric resonance, one arrives at a set of 2 R N  
simultaneous linear algebraic homogeneous equations for (  which can be expressed as a 

relation between the frequency of the parametric excitation  and the matrices [ ]
)

]
, ,,i r i ra b

ω [,M K  to be 
satisfied on the boundary of the unstable domain: 

 ; i  (47) [ ] [ ] [ ]( ), , , 0M C K ω =F 1,2, , N= L

In order to illustrate that point, let us consider the 1dof case (1 mode only). The harmonic balance 
gives a set of  equations. The first unstable domain is therefore given by (Fig.25): 2 N

 2 2 2 21 1
2kk kk kk kk

vk
c ω− α − < < + α −

ω
c  (48) 

where 24kk kk vkpα = ω . The diagram ,
2kk

vk

⎛ ⎞ωα⎜ ω ⎟
⎝ ⎠

 is called Strutt's diagram. 

In the unstable zones, the solutions are not bounded, while they are damped outside. Figure 6 gives 
the evolution of the response in zone I and out of zone I. 

Szemplinska-Stupnicka [28] has shown that the harmonic balance is not suitable for the study of 
combination resonance. To overcome this problem, she introduced a new approach which 
constitutes a generalised harmonic balance method. When two modes are present, equation (47) is 
rewritten: 

  (49) [ ] [ ] [ ]( , , , ,k lM C K ω ω =F ) 0

which does make it possible to determine the boundary of the unstable region. There are two 
unknown frequencies that have to be eliminated and so additional relation is indispensable. The 
proposed generalised harmonic balance consists to find extra equations for solving the problem. If 
this approach is applied, then the first combination resonance boundary is given by (where 

( )( )4kl kl vk vk vlpα = ω ω + ω  and ( )( )4lk lk vl vk vlpα = ω ω + ω ): 

 ( ) ( )1 1kk ll kk ll kl lk kk ll kk ll kk ll kl lk kk ll
vk vl

c c c c c c c c c c c cω− + α α − < < + + α α −
ω + ω

 (50) 
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This equation can be found in a different way by the perturbation method. 

5.5 Influence of non linear terms 
The study of the classical and parametric resonances has been performed by neglecting non-linear 
terms. Since motion is diverging in the unstable resonance domains, it is necessary to introduce 
these terms; in that case, the motion is no longer diverging but bounded with eventually large 
amplitudes. Several methods can be applied for studying the response of cables introducing 
parametric resonances and cubic and quadratic non-linear terms. Generally, 1dof systems (first 
generalised cable co-ordinate) have been studied so far. Harmonic balance and perturbation 
methods [29] are the most used technique for solving non-linear equations.  

For 1dof system, the equation of motion (generalised co-ordinate) is given by: 

{
( )

1 32

4
2 2 3 2 2

1 1 1 1 1 1 1 1 1 12 3 2
coscos 22 3 cos( )

4
d d

v v v

c cc S

E A E AmgLEA g EA U Uq q q q q t q
LH H L LmL H

θπ θ π Δ Δ+ ζ ω + ω + + + ω ω = − ω ω
π

&& &
1442443 1442443 1444442444443

cos t

   (51) 

with 1( )( ) a tq t
L

= . 

Fig.26 gives the form of amplitude/frequency diagram for the first and the second parametric 
resonance. For the second parametric resonance, two parabolic curves can be highlighted. The 
stability analysis helps to determine which one is stable. The lower curve is in particular unstable. 
The resonance curves are directed towards high frequencies, which is characteristic of a hardening 
phenomenon. 

 
Fig. 26: First and second parametric resonances 

For 2dof systems, the results show more complicated phenomena. Small vibrations of the supports 
can undergo the Hopf bifurcation, heteroclinic bifurcations and a Silnikov type homoclinic orbit to 
the saddle focus, which means that there exists the chaotic motion. Based on an analysis of 
averaged equations (perturbation method) coupled with the normal form, it is possible to show that 
the responses are chaotic or quasi-periodic for the out-of-plane mode when chaotic responses take 
place in the in-plane mode. Further work is still necessary to be done in order to fully understand 
the dynamic behaviour of cables under various excitations configuration. In particular, the joint 
analysis of wind effects on cables (vortex shedding, …) and induced wind effects through support 
motion will require more and more studies in the next future. The introduction of new techniques 
and methods of the study of non-linear equations will be also valuable in order to get some 
analytical expressions for design. 
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6. Conclusions 
Through several examples, without to be exhaustive, the objective of this paper is to show to the 
civil engineer how pregnant are the coupling phenomena in his field. He must be aware that the 
architects’ new designs enforce the risk of interaction problems between physical systems. Human 
and flow induced vibrations are very symptomatic, and how difficult can be the mathematical 
analysis. New models, new tools are therefore necessary to handle correctly these vibration 
problems. Experimental vibration analysis provides an efficient way to get further information to 
help the engineer to improve his model solving. Coupling problems implies to consider two 
problems. Firstly, the system under study is no longer the structural or the mechanical one but the 
coupled system: any understanding of the structural response must be analysed through this coupled 
system. Secondly, as the system is no longer the structural one, its stability conditions have to be re-
assessed according to the related coupling phenomena. What appears to be obvious for physicists 
can be very disturbing for civil engineers, often involved in studies where coupling problems are 
released as far as possible in order to avoid complex calculations. Unfortunately, if this approach is 
valid for the majority of cases and correctly handled in design codes, some new designs or 
exceptional structures cannot be studied without to consider these coupling or interaction problems. 

The IABSE Working Group 4 “Vibrations of structures” is intended to help engineers to move 
forward towards a better understanding of new dynamical problems they have to solve. This 
explains why interactions phenomena have an important place in the group studies. Human and 
flow induced vibrations will be the subject of special documents in connection with experimental 
vibration analysis, essential field of investigations. 
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